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We consider transport properties of a hybrid device composed by a quantum dot placed between
normal and superconducting reservoirs, and coupled to a Majorana nanowire: a topological super-
conducting segment hosting Majorana zero-modes at the opposite ends. It is demonstrated that if
topologically protected (nonoverlapping) Majorana zero-modes are formed in the system, zero-bias
Andreev conductance through the dot exhibits isoconductance profiles with the shape depending on
the spin asymmetry of the coupling between a dot and a topological superconductor. Otherwise, for
the topologically trivial situation corresponding to the formation of Andreev bound states, the con-
ductance is insensitive to the spin polarization and the isoconductance signatures disappear. This
allows to propose an experimental protocol for distinguishing between isolated Majorana zero-modes
and Andreev bound states.
INTRODUCTION
In last years, the seek for the so-called Majorana zero-
modes (MZMs) has become one of the hottest research
fields in the condensed matter physics [1–3]. Besides
fundamental interest, the unambiguous experimental de-
tection of these exotic non-Abelian excitations is con-
sidered to be the first step towards the realization of a
fault-tolerant topologically protected quantum qubit [4–
6]. Currently, there exist a plethora of theoretical pro-
posals of geometries where MZMs can emerge [3]. One of
the most promising alternatives is the system consisting
of a segment of a quasi-one-dimensional semiconducting
nanowire with strong Rashba spin-orbit (SO) coupling,
brought in contact with a s-wave superconductor and
placed into external longitudinal magnetic field.
In this setup, the proximitized nanowire is driven
into the regime of unusual p-wave superconductivity and
thereafter, if the value of the magnetic field exceeds the
critical one, reaches the topological phase with MZMs
appearing at the edges [7, 8]. The experimental sig-
nature of the presence of the isolated MZMs in these
so-called Majorana nanowires [9] is the robust zero-bias
peak (ZBP), appearing in tunneling spectroscopy probe
measurements [9–17]. Unfortunately, other mechanisms
can be responsible for the appearance of ZBPs, as for
instance the formation of zero-energy Andreev bound
states (ABSs) [18–25]. In spite of both recent theoret-
ical and experimental efforts to distinguish between the
cases of topologically protected MZMs and topologically
trivial ABSs [14, 26–30], there is still no satisfactory so-
lution of the problem, and the deadlock remains on the
table.
In the current work, we theoretically propose a new
protocol to differentiate between isolated MZMs corre-
sponding to Majorana bound states (MBS), and over-
lapping MZMs, corresponding to ABS [19, 25, 31] by
analyzing the Andreev current through a quantum dot
(QD) placed between metallic (N) and superconducting
(S) reservoirs and coupled to a topological superconduct-
ing nanowire (TSC) hosting MZMs at the opposite ends
(Majorana nanowire), see Fig. 1 [32–35]. For the ideal
situation of nonoverlapping MZMs, Andreev conductance
profiles reveal strong dependence on the parameter which
characterizes the spin asymmetry of the coupling between
the QD and the TSC. More specifically, the zero-bias An-
dreev conductance as a function of both the gate-voltage
defining the position of the energy level of the QD and
the strength of the hybridization between the QD and
superconducting lead exhibits topological isoconductance
lines. Their shape strongly depends on the spin asymme-
try in the system. However, for the case of the ABS cor-
responding to the overlapping MZMs, the sub-gap An-
dreev conductance becomes spin-independent, and the
aforementioned isoconductance profiles disappear.
METHODS
Theoretical model
To describe transport properties of the system sketched
in Fig. 1, we use the following Anderson-type Hamilto-
nian [32, 34, 36]:
H =
∑
α=N,S
(Hα +Hα−QD) +HQD +HTSC , (1)
where HN =
∑
kσ ε
N
k c
†
NkσcNkσ and HS =∑
kσ ε
S
kc
†
SkσcSkσ −
∑
k(∆c
†
Sk↑c
†
S−k↓ + h.c.) repre-
sent the N and S reservoirs, respectively, with electron
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FIG. 1. (a) Sketch of the considered setup. It consists of
a QD coupled to normal (N) and superconducting (S) leads
and a segment of a semiconductor nanowire covered by an
s-wave superconductor layer. In the presence of an external
magnetic field parallel to the wire, the latter is driven into a
topological superconducting state, with Majorana zero modes
(MZMs) formed at its opposite ends. (b) The scheme illus-
trating spin-dependent transport channels in the system. Fi-
nite bias voltage eV is applied between superconducting (S)
and normal (N) reservoirs. An incoming electron from the
normal reservoir with a certain spin is injected into the QD
and is reflected back as a hole. In the same time, a Cooper
pair is formed either in the superconducting reservoir, where
it has ordinary s-wave character, or in the TSC, where it
has a p-wave symmetry. The interplay between the transport
through S and TSC terminals defines the spin orientation of
the reflected hole with respect to the spin of the incoming
electron.
energies εαk , spin σ =↑, ↓ and superconducting en-
ergy gap ∆. Hα−QD =
∑
kσ Vαkσ(c
†
αkσdσ + h.c.)
stands for the hybridization between N(S) reservoir
and the QD, characterized by the coupling strength
Vαkσ. The QD is described by the Hamiltonian
HQD =
∑
σ εdσd
†
σdσ + Und↑nd↓, corresponding to a
pair of nondegenerate energy levels with the energies
εdσ = eVg−σVZ , that can be tuned by a tunnel gate eVg
in presence of an external magnetic field inducing the
Zeeman splitting VZ , and U corresponds to the Coulomb
repulsion between electrons with opposite spins.
The TSC section can be modeled by the following low-
energy effective spinless Hamiltonian [27, 37]:
HTSC = ıεMγLγR +
∑
σ
(
λσdσ − λ∗σd†σ
)
γL, (2)
where hermitian operators γi = γ
†
i describe the MZMs lo-
calized at the opposite ends of the TSC segment [marked
in purple in Fig. 1(a)] [2, 3]. The parameter εM de-
scribes the overlap between the opposite MZM and thus
governs the degree of the nonlocality in the system. The
increase of εM corresponds to the crossover from highly
nonlocal isolated MBSs to trivial ABSs. The Hamilto-
nian 2 can be rewritten in the regular spinless fermionic
basis by using the transformation γL =
1√
2
(f + f†) and
γR =
ı√
2
(f† − f) [3, 38], with f†(f) being nonlocal
fermions with ordinary Fermi-Dirac statistics.
It should be specifically stressed that although the TSC
section hosting MZMs is effectively spinless [4, 26, 39, 40],
the coupling of the MZMs to the QD depends on the spin
state of the latter, and can be accounted for by introduc-
tion of the polarization parameter p ∈ [0, 1] [34, 41], so
that λ↑ = λ(1 − p) and λ↓ = λp, where λ stands for
the maximal coupling amplitude. This tunable param-
eter depends on the effective distance between the QD
and the TSC segment and the strength of the spin orbit
coupling in the semiconductor nanowire, as it was shown
by Hoffman et al. [37].
Since we are interested in the sub-gap Andreev trans-
port features through the QD and its relation with the
MZMs, we restrict ourselves to the limiting case of large
superconducting gap |∆| → ∞ [34, 42, 43]. It is well
known that in this regime the S lead induces static s-wave
pairing in the QD due to proximity effect. This allows
to trace out the S lead from the Hamiltonian by using
the substitution HS + HS−QD ≈ −ΓS(d†↑d†↓ + h.c.) [44–
47], where ΓS = pi
∑
k |VSkσ|2δ(ω − εαk), and in Hartree-
Fock approximation [48], the system Hamiltonian given
by Eq. (1) can be rewritten as:
H = HN +HN−QD +
∑
σ
ε˜dσd
†
σdσ − (Γ˜Sd†↑d†↓ + h.c.)
+ HTSC , (3)
where ε˜dσ = εdσ + U〈ndσ〉 and Γ˜S = ΓS + U〈d↓d↑〉.
Sub-gap Andreev conductance
At very low temperatures, when the bias-voltage eV
applied between the normal and superconducting reser-
voirs is smaller than the superconducting energy gap in
the S lead (|eV |  ∆), the electronic transport takes
place exclusively due to the process of Andreev reflection
[49]. At zero-temperature, the corresponding differential
Andreev conductance can be calculated as [32, 34, 50]:
GA(V ) =
2e2
h
[TA(ω = −eV ) + TA(ω = eV )], (4)
where eV ≡ µN − µS and
TA(ω) = Γ2N
∑
σ
[|〈〈d†σ; d†σ¯〉〉|2] (5)
is the sub-gap transmittance due to Andreev reflection
processes, which depends on the anomalous Green’s func-
tions 〈〈d†σ¯; d†σ〉〉 in the spectral domain ω, with ΓN =
pi
∑
k |VNkσ|2δ(ω − εαk) being effective broadening of the
QD energy levels.
3Green’s functions calculation
In order to get the anomalous Green’s functions re-
lated to TA, as well as the usual Green’s functions
of the QD 〈〈dσ; d†σ〉〉, we apply the equation-of-motion
technique [51, 52], resulting in the following equa-
tion: ω〈〈Aiσ;Bjσ′〉〉 = 〈[Aiσ, Bjσ′ ]+〉+ 〈〈[Aiσ, H];Bjσ′〉〉,
where ω = ω + ı 0+ is the spectral frequency, Aiσ and
Bjσ′ are usual fermionic operators belonging to the sys-
tem Hamiltonian H [Eq. (3)]. As we use Hartree-Fock
approximation, the system Hamiltonian given by Eq. (3)
is bilinear, which allows to close the system of the equa-
tions for normal and anomalous Green functions, and
represent it in the following form:
Gˆrσ(ω) =

〈〈dσ; d†σ〉〉
〈〈dσ¯; d†σ〉〉
〈〈d†σ; d†σ〉〉
〈〈d†σ¯; d†σ〉〉
〈〈f ; d†σ〉〉
〈〈f†; d†σ〉〉
 =

grσ(ω)
−1 0 0 σΓ˜∗S λ
∗
σ/
√
2 λ∗σ/
√
2
0 grσ¯(ω)
−1 σ¯Γ˜∗S 0 λ
∗
σ¯/
√
2 λ∗σ¯/
√
2
0 σ¯Γ˜S g˜
r
σ(ω)
−1 0 −λσ/
√
2 −λσ/
√
2
σΓ˜S 0 0 g˜
r
σ¯(ω)
−1 −λσ¯/
√
2 −λσ¯/
√
2
λσ/
√
2 λσ¯/
√
2 −λ∗σ/
√
2 −λ∗σ¯/
√
2 grM(ω)
−1 0
λσ/
√
2 λσ¯/
√
2 −λ∗σ/
√
2 −λ∗σ¯/
√
2 0 g˜rM(ω)
−1

−1
·

1
0
0
0
0
0
 , (6)
where grσ(ω)
−1 = ω− ε˜dσ+ıΓN, g˜rσ(ω)−1 = ω+ ε˜dσ+ıΓN,
grM(ω)
−1 = ω − εM and g˜rM(ω)−1 = ω + εM [53].
RESULTS AND DISCUSSION
In what follows, we use the value of ΓN as energy unit,
and fix U = 2.0ΓN , VZ = 1.2ΓN and λ = 2.0ΓN for all
considered cases.
We start with the situation of nonoverlapping MZMs
(εM = 0) with a spin-independent QD-TSC coupling,
putting p = 0.5, λ↑ = λ↓ = λ/2. Panel (a) of Fig. 2
shows the Andreev conductance as a function of both
the bias-voltage eV and the gate-voltage eVg, shifting the
position of the energy levels of the QD, for ΓS = 3.0ΓN .
One can clearly notice the presence of the pronounced
four peak structure around eV = 0 corresponding to the
well resolved Andreev levels, appearing due to the QD-
TSC coupling and splitted in the external magnetic field.
Moreover, there is a visible zero-bias structure present
because of the leakage of an isolated MZM into the QD
[32, 35, 43, 54], whose amplitude GA(eV = 0) changes
with eVg, and reaches the maximal value of e
2/h for
eVg = −1.0ΓN .
In Fig. 2(b) we demonstrate how Andreev conductance
amplitude at zero-bias also changes as a function of both
eVg and QD-S hybridization strength ΓS for the same
case of p = 0.5 [55]. The maximal value of the con-
ductance e2/h is reached along the white vertical dotted
line, which we call isoconductance line. For this par-
ticular spin-independent situation, the position of this
line is defined by the condition of particle-hole symme-
try, reached when eVg = −1.0ΓN . This condition is bro-
ken in spin asymmetric case, when λ↑ 6= λ↓ [34], which
leads to the distortion of the isoconductance line in the
(eVg,ΓS) space, as we shall see. Note also that along the
isoconductance line, the zero bias conductance does not
FIG. 2. Upper panels: Color scale plots of the Andreev con-
ductance GA [Eq. (4)] as a function of bias voltage eV and
QD gate voltage eVg, for the case of nonoverlapping MZMs,
corresponding to topologically protected MBS (εM = 0) and
ΓS = 3.0ΓN . Panels (a), (c) and (e) correspond to the cases
of spin-independent (p = 0.5, λ↑ = λ↓), fully spin-polarized
(p = 0, λ↑ = λ and λ↓ = 0) and intermediate (p = 0.3,
λ↑ > λ↓) QD-TSC couplings, respectively. Lower panels:
Color scale plots of Andreev conductance at zero-bias as a
function of the QD-S hybridization strength ΓS and eVg for
same values of the parameter p as in the upper panels. White
dotted lines correspond to isoconductance lines, defined by
the condition that the conductance reaches its maximal value,
GA(eV = 0) = e
2/h
depend on the value of ΓS , so the QD becomes effectively
decoupled from the S lead and the transport through it
is uniquely defined by its pairing to the TSC.
The opposite case of fully spin polarized transport, cor-
responding to p = 0, λ↑ = λ and λ↓ = 0 is illustrated by
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FIG. 3. Upper panels: Color scale plots of the Andreev con-
ductance GA [Eq. (4)] as a function of bias voltage eV and
QD gate voltage eVg, for the case of overlapping MZMs, cor-
responding to topologically trivial ABSs (εM = 0.05ΓN ) and
ΓS = 3.0ΓN . Panels (a), (c) and (e) correspond to the cases
of spin-independent (p = 0.5, λ↑ = λ↓), fully spin-polarized
(p = 0, λ↑ = λ and λ↓ = 0) and intermediate (p = 0.3,
λ↑ > λ↓) QD-TSC couplings, respectively. Lower panels:
Color scale plots of Andreev conductance at zero-bias as a
function of the QD-S hybridization strength ΓS and eVg for
same values of parameter p as in the upper panels. Note,
that differently from the case of isolated MZMs illustrated by
Fig.2, the value of the zero bias conductance GA(eV = 0) can
exceed e2/h, and the isoconductance lines are absent.
Fig. 2(c) and Fig. 2(d). The profile of the conductance as
a function of the bias and gate-voltages becomes asym-
metric, as it can be clearly seen in Fig. 2(c). Zero-bias
conductance peak still appears, but the isoconductance
line defined by the condition GA(eV = 0) = e
2/h is not
a straight vertical line, but has a more complicated shape
shown in Fig. 2(d). Note that differently from the case
shown in Fig. 2(b), the isoconductance line has a mini-
mum, which means that maximal value of the zero-bias
conductance e2/h can not be reached below certain criti-
cal value of the coupling between the QD and the S lead.
The intermediate case of p = 0.3 is illustrated by Fig. 2(e)
and Fig. 2(f).
The comparison between the three sets of panels of
Fig. 2 allows us to conclude that the presence of an iso-
conductance plateau corresponding to a vertical isocon-
ductance line in eVg,ΓS coordinates can be considered as
a hallmark of spin symmetric coupling between the QD
and the TSC.
Now, let us analyze the case of overlapping MZMs
(εM = 0.05ΓN ) corresponding to the formation of topo-
logically trivial ABS, for the cases of spin-independent
(p = 0.5), fully spin-polarized (p = 0) and interme-
diary (p = 0.3) QD-TSC couplings, as illustrated by
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FIG. 4. (a)-(e): Color scale plots of the Andreev conductance
GA [Eq. (4)] at zero-bias as a function of the QD-S hybridiza-
tion strength ΓS and QD gate-voltage eVg for spin symmetric
case (p = 0.5), for five distinct values of the parameter εM
defining the degree of the overlap between MZMs. One clearly
sees that condition GA(eV = 0) = e
2/h is satisfied along the
open vertical line (isoconductance line) in the left two panels
corresponding to highly isoladed MZMs, and along the closed
line in the right three panels, corresponding to highly overlap-
ping MZMs. In this latter case, the value of the conductance
inside the line exceeds e2/h (f): Andreev conductance at zero-
bias plotted as a function of ΓS with eVg = −1.0ΓN , for the
same values of εM as in the upper panels.
Fig. 3. In the upper panels Andreev conductance as a
function of the bias and gate-voltages for the fixed value
of ΓS = 3.0ΓN is shown. Direct comparison with up-
per panels of Fig. 2 shows, that conductance profiles are
qualitatively the same for the cases of topological MBS
and trivial ABS. However, if one turns to zero-bias con-
ductance as a function of the gate voltage eVg and QD-S
lead coupling ΓS , the results are totally different. It was
already stated that for the case of the MBS (isolated
MZMs, εM = 0), the maximal value GA(eV = 0) = e
2/h
is reached along certain open isoconductance lines. The
situation for the case of ABS is qualitatively different.
Indeed, it can be clearly seen from the lower panels of
Fig. 3 that the condition GA(eV = 0) = e
2/h is reached
along the closed lines, which now can not be considered as
topological isoconductance lines, as inside them the value
of the conductance exceeds e2/h. This remarkable differ-
ence is the signature of the formation of regular fermions
and allows us to propose the experimental criterium for
the distinguishing between the cases of MBS and ABS.
To study in more detail the corresponding crossover,
we analyzed the zero-bias Andreev conductance as a
function of eVg and ΓS for several values of the parame-
ter εM , characterizing the overlap between the different
MZMs. The results are shown in Fig. 4. In the panels
5(a)-(e) one can clearly see how an open isoconductance
line corresponding to the maximal conductance value
GA(eV = 0) = e
2/h, observable for small εM , changes
into a closed contour within which the conductance peak
exceeding the value of e2/h raises. The dependence of the
maximal conductance on ΓS for the fixed value of eVg is
shown in the panel (f). Conductance plateaus, character-
istic for topological MBS and corresponding to flat red
solid and black open dot lines under the increase of εM
transform into non-monotonous curves corresponding to
the onset of topologically trivial ABSs.
CONCLUSIONS
We have studied the sub-gap Andreev conductance GA
through a quantum dot (QD) connected to metallic and
superconducting leads and additionally coupled to a hy-
brid topological semiconducting nanowire (TSC) hosting
Majorana zero-modes (MZMs) at the opposite ends. For
nonoverlapping MZMs, corresponding to topological Ma-
jorana bound states (MBSs), the profiles of GA as func-
tions of both quantum dot gate-voltage and hybridization
between the dot and the superconducting reservoir reveal
pronounced isoconductance signatures, sensitive to spin
selectivity of the coupling between the QD and the TSC.
However, when MZMs overlap and form topologically
trivial Andreev bound states, such isoconductance sig-
natures disappear. This suggests that the analysis of the
sub-gap Andreev conductance profiles can be employed
to distinguish between the cases of authentic topologi-
cally protected MBSs and trivial ABSs.
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